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The superfluidity and pairing phenomena in ultracold atomic Fermi gases have been of great interest in recent
years, with multiple tunable parameters. Here we study the BCS-BEC crossover behavior of balanced two-
component Fermi gases in a one-dimensional optical lattice, which is distinct from the simple three-dimensional
(3D) continuum and a fully 3D lattice often found in a condensed matter system. We use a pairing fluctuation
theory which includes self-consistent feedback effects at finite temperatures, and find widespread pseudogap
phenomena beyond the BCS regime. As a consequence of the lattice periodicity, the superfluid transition temper-
ature Tc decreases with pairing strength in the BEC regime, where it approaches asymptotically Tc = pian/2m,
with a being the s-wave scattering length, and n (m) the fermion density (mass). In addition, the quasi-two di-
mensionality leads to fast growing (absolute value of the) fermionic chemical potential µ and pairing gap ∆,
which depends exponentially on the ratio d/a. Importantly, Tc at unitarity increases with the lattice constant
d and hopping integral t. The effect of the van Hove singularity on Tc is identified. The superfluid density
exhibits T 3/2 power laws at low T , away from the extreme BCS limit. These predictions can be tested in future
experiments.
I. INTRODUCTION
Ultracold atomic Fermi gases loaded in optical lattices have
attracted enormous attention in condensed matter and atomic,
molecular and optical (AMO) physics [1–3]. With multiple
easily tunable parameters, they become more and more im-
portant as a quantum simulator nowadays [4–6]. Fermions in
pure optical lattices are often described by a Hubbard model
[5–7]. Among them, the one-dimensional (1D) case can be
solved exactly via the Bethe ansatz [8]. However, while for
a 1D Hubbard model, each site has at most two fermions, the
1D optical lattice is actually rather different; each site in the
lattice direction corresponds to a 2D plane in the transverse di-
mensions, and thus can accommodate many fermions. There-
fore, a 1D optical lattice is a quasi-2D or 3D system [9, 10],
depending on the lattice parameters. Moreover, the genuine
1D Hubbard model does not possess a long-range order, hence
it can not support a superfluid phase. In contrast, fermions
trapped in 1D optical lattices can not only form a superfluid
[11, 12], but also exhibit interesting pseudogap phenomena in
the normal state [13]. A condensed matter analogue of the 1D
optical lattice is the superlattice of semiconductor heterostruc-
tures such as the AlGaAs/GaAs/InGaAs structure, except now
we are considering pairing phenomena under a tunable attrac-
tive interaction.
∗ Corresponding author: qchen@zju.edu.cn
Including the Hubbard model, there has been extensive lit-
erature on 3D (and 2D or 1D) lattices in the field of con-
densed matter [14, 15]. Most of these existing Hubbard model
based works address pure lattice cases, since the kinetic en-
ergy term often contains only the lattice site hopping [1, 7, 16–
20]. The “1D optical lattice” in many theoretical works in
the literature was actually a genuine 1D lattice in the tradi-
tional sense [21]. Here, following the terminology often used
by the experimental community [2], we emphasize that, by
1D optical lattice, we mean a periodic stack of 2D planes,
and therefore it is a mix of continuum in the transverse 2D
xy planes and lattice discreteness in the longitudinal z direc-
tion. Theoretical studies on such a 1D optical lattice have been
scarce. Devreese et al. studied possible Fulde-Ferrell-Larkin-
Ovchinnikov (FFLO) states [22, 23] in such a 1D optical lat-
tice [24]. Like many others in the literature [7], when studying
population imbalance effects, they use the fermion chemical
potential µ and the chemical potential difference h as con-
trol variables. While this choice makes numerical calculations
simpler, it often restricts the study to the BCS and crossover
regimes. Indeed, the superfluid and pairing physics in a 1D
optical lattice has not been adequately studied thus far. Given
the various available tuning parameters, including the pairing
interaction strength, lattice constant and depth, fermion den-
sity, population imbalance, as well as mass imbalance in the
case of a Fermi-Fermi mixture, there are certainly many facets
of the phase diagram and associated very rich physics. In par-
ticular, one would like to know if there are exotic new phases
emerging, and how to properly characterize such a 1D optical
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In this paper, we study two-component fermions loaded in
1D optical lattices using a pairing fluctuation theory, which
has been applied successfully to various BCS-BEC crossover
phenomena [4, 25–27], including in quasi-2D and 3D opti-
cal lattices [15, 17, 28]. These systems can be quasi-2D or
3D, depending on the lattice constant d and hopping integral
t [29], as well as the pairing strength. Due to the complexity
induced by multiple tunable parameters, in this paper (Part I),
we restrict ourselves to population (and mass) balanced cases
only. Here we consider the combined effects of lattice con-
stant, hopping integral, and interaction strength. We find that
the mixing between continuum and discrete lattice dimensions
leads to exponential behavior of the fermionic chemical poten-
tial µ and the pairing gap ∆ as a function of d/a in the BEC
regime, where a is the two-body s-wave scattering length, in
contrast to the power laws in the pure 3D continuum or 3D
lattice cases. We shall present detailed phase diagrams as the
system undergoes the BCS-BEC crossover with different lat-
tice constants and hopping integrals, and mainly focus on the
finite temperature effects, especially the pseudogap phenom-
ena [30, 31]. As these phase diagrams reveal, (i) the pseu-
dogap phenomena widely exist; (ii) At unitarity, Tc increases
with the increase of lattice constant or hopping integral; (iii)
As a consequence of the lattice periodicity, Tc decreases with
pairing strength in the BEC regime, and approaches asymp-
totically Tc = pian/2m, where n is the atom number density,
m the atomic mass; (iv) In addition, the quasi-two dimension-
ality leads to fast growing (absolute value of the) fermionic
chemical potential µ and pairing gap ∆, which depends ex-
ponentially on the ratio d/a; (v) Due to the contribution of
finite momentum pairs, the temperature dependence of the
superfluid density ns/m at low T evolves from exponential
in the extreme BCS limit to a simple T 3/2 power law in the
BEC regime, for both the in-plane and the out-of-plane (lat-
tice) components.
II. THEORETICAL FORMALISM
A. General theory
While the in-plane (xy directions) motion of the fermions
has a free parabolic dispersion, we use a one-band nearest-
neighbor tight-binding model for the out-of-plane lattice di-
mension (z direction), with the single particle dispersion given
by ξkσ = k2‖/2m + 2t[1 − cos(kzd)] − µσ ≡ k − µσ . Here
k‖ ≡ (kx, ky) and t is the hopping integral between neigh-
boring lattice sites, d the optical lattice constant and µσ the
fermionic chemical potentials for two (pseudo)spins σ =↑, ↓.
In the absence of imbalance, we have µσ = µ, and ξkσ = ξk,
and we shall drop the spin indices. We restrict kz to the first
Brillouin zone (BZ) [−pi/d, pi/d] due to the lattice periodic-
ity and set the volume V = 1, ~ = kB = 1. The one-
band approximation is justified when the band gap is tuned
large. The fundamental formalism of the pairing fluctuation
theory for the present work is the same as that given in Refs.
[4, 25], except that we need to rederive the equations with
the continuum-lattice mixed dispersion. To keep this paper
self-contained, here we recapitulate the derivation and main
equations.
The (inverse) bare Green’s function is given by G−10 (K) =
iωn − ξk, with the self-energy Σ(K) =
∑
Q t(Q)G0(Q −
K). Following Ref. [25], we use a four-vector notation,∑
K ≡ T
∑
n
∑
k,
∑
Q ≡ T
∑
l
∑
q, and K ≡ (iωn,k),
Q ≡ (iΩl,q), where ωn = (2n + 1)piT , Ωl = 2lpiT are
odd and even Matsubara frequencies, respectively [32]. At
finite T , the T -matrix t(Q) contains a contribution from con-
densed pairs tsc(Q) and noncondensed pairs tpg(Q), with
t(Q) = tsc(Q) + tpg(Q), where tsc(Q) = −(∆2sc/T )δ(Q)
vanishes for T > Tc, and tpg(Q) = U/[1 +Uχ(Q)], with the
short range s-wave pairing interaction pairing strength U < 0
and the pair susceptibility χ(Q) =
∑
K G0(Q − K)G(K).
Here G(K) is the full Green’s function, with the self-energy
given by Σ(K) = Σsc(K) + Σpg(K), where Σsc(K) =∑
Q tsc(Q)G0(Q − K) = −∆2scG0(−K), and Σpg(K) =∑
Q tpg(Q)G0(Q − K). At T ≤ Tc, the generalized Thou-
less criterion [33], or equivalently BEC condition for pairs,
requires t−1pg (Q = 0) = U
−1 + χ(0) = 0. This implies that
tpg(Q) is dominated by the vicinity ofQ = 0, so that Σpg(K)
may be approximated by Σpg(K) ≈
∑
Q tpg(Q)G0(−K) ≡
−∆2pgG0(−K), where ∆2pg ≡ −
∑
Q tpg(Q) and we have
discarded the incoherent background part of the self energy.
(The parameter ∆pg is referred to as pseudogap, as is widely
found in cuprate superconductors [34]). Then the total self-
energy Σ(K) takes the simple BCS-like form, Σ(K) =
−∆2G0(−K), where ∆2 = ∆2sc + ∆2pg . Finally, the Dyson’s
equation G−1(K) = G−10 (K) − Σ(K) leads immediately to
the full Green’s function
G(K) =
u2k
iωn − Ek +
v2k
iωn + Ek
, (1)
where u2k = (1 + ξk/Ek)/2, v
2
k = (1− ξk/Ek)/2, and Ek =√
ξ2k + ∆
2. From the number constraint n = 2
∑
K G(K),
we can get the fermion number density
n = 2
∑
k
[
v2k + f(Ek)
ξk
Ek
]
, (2)
where f(x) = 1/(ex/T +1) is the Fermi distribution function.
Above Tc, the Thouless criterion should be modified by
U−1 + χ(0) = a0µp, where µp is the effective pair chemi-
cal potential and a0 is the coefficient of the linear Ω term in
the Taylor expansion of the inverse T -matrix (see below) [4].
This leads to the extended gap equation
m
4pia
=
∑
k
[ 1
2k
− 1− 2f(Ek)
2Ek
]
+ a0µp , (3)
with µp = 0 at T ≤ Tc. Here, the coupling strength
U has been replaced by the s-wave scattering length a via
U−1 = m/4pia −∑k 1/2k. Note that this scattering length
is different from that defined in simple 3D free space, since
kz is now restricted to within the first BZ. We caution that it
does not necessarily yield the experimentally measured scat-
tering length. One can define an effective scattering length
3via aeff = a/
√
2mtd, which is more comparable to the phys-
ical scattering length. For details, see Ref. [35] and its sup-
plementary materials. It should also be noted that we have
implicitly assumed a negative U model for the lattice di-
rection and the on-site U is same as the in-plane pairing
strength U . In real space, the pairing interaction is given by
U(r, r′) = Uδ(x − x′)δ(y − y′)δij , where i, j is the lattice
site index in the zˆ direction.
The inverse T -matrix expansion [4], after analytic continu-
ation (iΩl → Ω + i0+), is given by
t−1pg (Ω,q) ≈ a1Ω2 + a0(Ω− Ωq + µp), (4)
with Ωq = B‖q2‖ + 2tB [1 − cos(qzd)]. Here B‖ = 1/2M‖,
with M‖ being the effective pair mass in the xy-plane, and
tB is the effective hopping integral for noncondensed pairs.
The a1 term serves as a small quantitative correction; except
in the weak coupling BCS regime, we have a1Tc  a0. The
coefficients a1, a0, B‖ and tB can be derived from the pair
susceptibility via straightforward Taylor expansion, as given
in the Appendix. Consequently, we have the pseudogap equa-
tion
a0∆
2
pg =
∑
q
b(Ω˜q)√
1 + 4
a1
a0
(Ωq − µp)
, (5)
where b(x) is the Bose distribution function and Ω˜q =
{√a20[1 + 4a1(Ωq − µp)/a0] − a0}/2a1 is the pair disper-
sion. When a1/a0 is small, we have Ω˜q = Ωq − µp. Then
a0∆
2
pg yields the density of finite momentum pairs. Including
the condensate, the total pair density is given by np = a0∆2.
Equations (2)-(5) form a closed set of self-consistent equa-
tions, which can be used to solve for (µ, T ∗) with ∆ = 0, for
(µ, ∆pg , Tc) with ∆sc = 0, and for (µ, ∆, ∆pg) at T < Tc.
Here the pair formation temperature T ∗ is approximated by
the mean-field Tc, and the order parameter ∆sc can be derived
from ∆2sc = ∆
2 −∆2pg below Tc.
B. Asymptotic behavior in the deep BEC regime
In the deep BEC regime, µ → −∞. The integrals in the
equations can be performed analytically using Taylor expan-
sions. The fermion number equations reduce to
n = −m∆
2
4piµd
or ∆ =
√
4pi|µ|dn
m
. (6)
With the help of Eq. (6), the chemical potential µ can be
uniquely determined by the gap equations. Then µ and the
gap ∆ are given by
µ = −ted/a + 2t+ 2pidn
m
, (7)
∆ = 2
√
pitdn
m
ed/2a
(
1− pidn
mt
e−d/a
)
. (8)
Note that the exponential behavior of µ and ∆ as a function of
1/kFa is an important feature of the quasi-two dimensionality
of the continuum-lattice mixed system. This should be con-
trasted with the corresponding behaviors in the 3D continuum
and 3D lattices, where power law dependencies are found. In
particular, a 3D continuum has the scaling relation ∆ ∼ |µ|1/4
in the BEC regime and thus ∆2/µ decreases with 1/kFa. On
the other hand, for a 3D lattice, due to the finite volume of
the unit cell, both |µ| and ∆ grow linearly with |U |, with a
ratio of ∆/|µ| = √2n− n2/(1 − n) for n < 1 per unit cell.
In contrast, for the present continuum-lattice mixed system,
the ratio ∆2/µ approaches a constant, independent of pairing
strength. For this reason, the (2nd and 3rd) correction terms
in Eq. (7) are also constants, independent of the interaction
strength. The correction term in Eq. (8) quickly drops as |U |
increases.
To solve for Tc, we first derive the pair dispersion, and find
B‖ =
1
4m
, (9)
tB =
t2
2|µ| ≈
t
2
e−d/a . (10)
While the in-plane pair mass in the BEC regime is given by
2m, as expected, the out-of-plane pair mass becomes expo-
nentially heavy, as a function of increasing d/a. This can be
easily understood since on a lattice pairs hop mainly via “vir-
tual ionization” [36] (i.e., virtual pair unbinding) and thus its
mobility is inversely proportional to the pair binding energy
2|µ|. The pseudogap equation now becomes the equation for
pair density np,
a0∆
2 ≡ np = n
2
, (11)
and the coefficient a1 is given by
a1∆
2 = − n
8µ
, (12)
which becomes exponentially small in the BEC limit. Now
one readily derive the solution for Tc,
Tc =
2piB‖dn
d/a− ln(t/Tc) ≈
pian
2m
=
kFa
3pi
TF , (13)
where use has been made of the definition of kF = (3pi
2n)1/3
and EF = TF = k
2
F /2m (as in 3D continuum) in the last
step, and we have dropped the small logarithmic correction
ln(t/Tc) in the denominator. An important and interesting
aspect of this result is that the BEC asymptote is essentially
independent of d, and the effect of t only enters through a
logarithmic correction, which can be safely neglected in the
asymptote as well.
C. Superfluid density
Given the solution of the self-consistent equations, one can
easily investigate the transport behavior of the system. As
4an example, in this subsection, we shall present calculations
for superfluid “density” ns/m, which is important quantity
in the superfluid phase. In superconductors, it is often mea-
sured via the London penetration depth λL, especially at low
T , with the relation ns/m ∝ λ−2L . The temperature depen-
dence at low T often serves as a strong indicator for the pair-
ing symmetry of a superconductor, as it depends strongly on
the pairing symmetry. BCS mean-field calculations show that
it exhibits exponential T dependence for an s-wave supercon-
ductor, and linear T dependence for a nodal d-wave supercon-
ductor [25, 34, 37, 38].
The expression for superfluid density can be derived fol-
lowing Refs. [25, 39], using the linear response theory. More
technical details can be found in Ref. [40]. For the present
charge-neutral atomic gases, we only need to assume a ficti-
tious vector potential, which can actually be realized experi-
mentally via synthetic gauge fields.
Without imbalance, the superfluid density is given by(ns
m
)
i
= 2
∑
k
∆2sc
E2k
[
1− 2f(Ek)
2Ek
+ f ′(Ek)
](
∂ξk
∂ki
)2
,
(14)
where i = x, y, z and f ′(x) = −f(x)f(−x)/T is the direc-
tive of the Fermi distribution function.
Following Ref. [40], it can be shown that for the in-plane
motion, (ns/m)‖ = (ns/m)x = (ns/m)y = n/m at T = 0,
since ∂2ξk/∂k2i = 1/m = const for i = x, y. In con-
trast, in the lattice direction, the inverse band mass (1/m)z =
∂2ξk/∂k
2
z = 2td
2 cos(kzd) is kz dependent and scaled by the
factor td2. As a consequence, we expect (ns/m)z ∝ t2d2 and
becomes small for realistic lattices, based on Eq. (14).
III. NUMERICAL RESULTS AND DISCUSSIONS
A. Effect of lattice-continuum mixing on BCS–BEC crossover
In this subsection, we first investigate the effect of lattice-
continuum mixing on the behavior of Tc and phase diagram
throughout the BCS–BEC crossover regimes.
Shown in Fig. 1 is a typical phase diagram of a two-
component balanced Fermi gas in a 1D optical lattice. Here
we take realistic values for t and d, with t/EF = 0.05 and
kF d = 2. Note that in the zero lattice depth limit, the
fermion energy in the lattice dimension should reduce to the
simple parabolic dispersion, with mass m. Therefore, we set
td2 < 1/2m as a constraint on the choice of the values of
t and d. Here we have 2mtd2 = 0.2. The (yellow) shaded
area is the superfluid phase, whereas the (blue) dashed curve
is the mean-field solution of Tc. We take this as an estimate
of the pair formation temperature, T ∗. Between the T ∗ and
Tc curves, there exists the pseudogap phase, where incoher-
ent pairs exist but without phase coherence or Bose conden-
sation. The Tc curve reaches a maximum in the vicinity of
unitarity, where 1/kFa = 0. In the BEC regime, Tc decreases
with increasing pairing strength. Note that the existence of
the pseudogap phase is an inevitable feature of the BCS-BEC
crossover.
-5 0 5 10
1/kFa
0
0.1
0.2
T/
T F
Tc
T*
Pseudogap
Superfluid
Normal
t/EF = 0.05
kFd = 2
Figure 1. Typical phase diagram in the T – 1/kF a plane, calculated
for t/EF = 0.05 and kF d = 2.
This phase diagram looks qualitatively similar to that in a
3D or quasi-2D pure lattice [15, 28]. However, we note that
it in fact exhibits features of both pure 3D continuum and
pure lattice cases. On the one hand, there is a minimum in
Tc around where the fermionic chemical potential µ changes
sign, a feature of 3D continuum [15]. On the other hand, the
decrease of Tc with increasing 1/kFa in the BEC regime is
a feature of pair hopping via virtual ionization [15, 36] in a
lattice. The BEC regime is not accessible at high densities in
a 3D or quasi-2D pure lattice. In a typical 3D lattice, the min-
imum disappears, leaving only a kink as a residue of the min-
imum [28]. In a quasi-2D lattice, such a minimum may exist
only in the low density regime, where the inter-particle dis-
tance becomes much larger than the lattice constant. Indeed,
the present system with an in-plane continuum space should
be comparable to the low density limit when compared to the
quasi-2D lattice case.
There are further distinctions between the present lattice-
continuum mix and the pure systems. In Fig. 2, we show the
comparison between the fully numerical and analytical solu-
tions of (a) Tc and (b) µ as a function of 1/kFa in the BEC
regime. Shown in Fig. 2(a) are the Tc curves in log-log scales
for different values of d, while keeping t fixed at t = 0.2EF .
Also shown is the analytically solution, Eq. (13), in the BEC
regime (magenta dashed line). As is evident, all Tc curves ap-
proach this (t, d)-independent analytical solution in the deep
BEC regime. The larger d case converges faster.
In Fig. 2(b), we present a semi-log plot of −µ and ∆ as a
function of 1/kFa for t = 0.05EF and kF d = 2, and compare
the fully numerical solutions (solid lines) with the analytic ex-
pressions (dashed lines) given by Eqs. (7) and (8). As can be
readily seen for the present case, the analytical expressions
become a very good approximation for the fully numerical
solutions for 1/kFa > 3.
From Fig. 2, we demonstrate that Tc scales proportion-
ally with kFa = (1/kFa)−1 in the BEC regime, follow-
ing Eq. (13). This is different from its counterpart relation,
Tc ∼ 1/U , in a pure 3D lattice [15, 36]. While the general
51 10 100
0.0001
0.001
0.01
0.1
T c
/T
F 0.2 = kFd
0.5
1
2
y = 1/3pix
1 2 3 4 5 6
1/kFa
1
10
100
1000
10000
-
µ/
E F
,
 
 
∆/
E F
t/EF = 0.05
t/EF = 0.2
kFd = 2
(a)
(b)
µ
∆
Solid: numeric
Dashed: BEC analytic
Figure 2. Comparison between fully numerical and analytical solu-
tions in the BEC regime for (a) Tc and (b) µ, as a function of 1/kF a.
Shown in (a) are log-log plots of Tc (solid lines) for t/EF = 0.2 and
varying kF d from 0.2 to 2, while the dashed line represents the ana-
lytical solution, Eq. (13). Plotted in (b) are −µ and ∆ in a semi-log
scale for t/EF = 0.05 and kF d = 2, where the analytical solutions
(dashed lines) are given by Eqs. (7) and (8).
trend is the same, however, one does not have 1/kFa ∝ U in
the strong coupling limit.
The parameters t and d are the decisive factors for the shape
of the Fermi surface. This can be seen from that of the lattice
component in Fig. 1 of Ref. [29]. When t is small, the first BZ
of the lattice dimension will be fully occupied. In this case, a
small d means a large phase space ±pi/d in the lattice direc-
tion, and therefore, will bring down the Fermi level as more
particles now occupy the small k‖ but large |kz| states. On
the contrary, a large d will compress the phase space region
between ±pi/d, and thus will push up the (in-plane) Fermi
level. This can be understood from the real space perspec-
tive as well. As d increases, the spacing between neighbor-
ing planes increases. Therefore, the area density within each
plane has to increase accordingly in order to keep the overall
average 3D density fixed. In this way, the Fermi level will be
pushed up to µ0 =
√
2pin2D, where n2D is the 2D fermion
number density per plane. On the other hand, for a larger t, it
may be possible that the first BZ in the z direction is not fully
occupied. The Fermi surface in the z direction will allow a
larger dispersion when t increases. Depending on the size of
(t, d), the Fermi surface may possess a shape of an ellipsoid,
a disc, a cylinder, or something in between. Except for the
ellipsoid, all other types of Fermi surfaces are open. A van
Hove singularity will appear at the Fermi level at the topolog-
ical transition point between open and closed Fermi surfaces.
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1
Figure 3. Behavior of Tc at unitarity as a function of (a) kF d with
t/EF = 0.05 (black lines) and 0.5 (red lines) and of (b) t/EF with
kF d = 1 (black), 2 (red), 4 (green) and 8 (blue lines), respectively.
Also shown in (a) are simple power laws, which fit the small (blue
dashed) and large (green dotted) d ranges well, respectively. Sim-
ilarly, the cyan dashed and magenta dotted lines are simple power
laws which fit the Tc curves well in the large and small t regimes,
respectively.
Now we study the effect of t, d on the behavior of Tc. First,
we focus on the Tc behavior at unitarity as a function of t and
d, since the unitary limit is a special point where the scattering
length diverges, and thus the system may exhibit some univer-
sal behaviors.
Shown in Fig. 3 are log-log plots of Tc as a function of (a)
d and (b) t, respectively. Their linear plots are given in the
corresponding insets. Here we treat t and d as independent
parameters, so that they may enter the experimentally inac-
cessible regime. Panel (a) covers a broad range of the (t, d)
parameter space, from large t = 0.5EF to small t = 0.05EF ,
and from tiny kF d = 0.0001 to large kF d = 10. Surprisingly,
Tc exhibits a very good power law across such a big parameter
space, with a scaling Tc ∝ dα, where α is close to 0.655 for
small d and 0.59 for large d. Similarly, panel (b) also covers
from kF d = 1 to 8, and from t/EF = 0.0001 to 1.0, and Tc
scales as Tc ∼ tβ , where β = 0.445 for small t and 0.41 for
large t. Overall, at unitarity, we have
Tc ∼ dαtβ , α = 0.59 ∼ 0.655, β = 0.41 ∼ 0.445 .
(15)
Next, we show in Fig. 4 the Tc curves throughout the entire
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kF d at fixed (a) t/EF = 0.2, (b) 0.01, and (c) 2mtd2 = 0.2. The
maximum Tc near unitarity, Tmaxc , as a function of d, is plotted in the
respective inset.
BCS-BEC crossover as a function of 1/kFa for different t
and d. Shown in panels (a) and (b) is Tc for fixed t/EF = 0.2
and 0.01, respectively, but with different values of d. Here we
keep the product td2 < 1/2m. As we can see, for fixed t, the
maximum Tc, Tmaxc , increases with increasing d. At the same
time, the entire Tc curve is compressed horizontally towards
unitarity, as d increases. This is in accord with the exponential
behavior of µ ∼ −ed/a in the BEC regime. We plot Tmaxc
versus d in the corresponding insets, which exhibits a quasi-
linear behavior. The comparison between panels (a) and (b)
for the same d reveals that Tc increases with t. Indeed, Tc will
be suppressed logarithmically to zero as t approaches 0 [15].
We also note that the peak of maximum Tc moves away from
unitarity towards the BEC side as d decreases. This also has
to do with the exponential behavior of µ ∼ −ed/a.
In Fig. 4(c), we present the Tc curves for fixed 2mtd2 = 0.2
while changing kF d from 0.5 to 10. Since t decreases as d
increases, it is not surprising to see nonmonotonic behavior of
Tmaxc versus d, as shown in the inset. Nonetheless, we still see
an overall increase of Tmaxc with d while keeping td
2 fixed.
This increase is not as dramatic as the fixed t cases, reflecting
the competing effects between increasing d and decreasing t.
It should be pointed out that the increase of Tc in Fig. 4 will
disappear if we use the respective Fermi level µ0 in the non-
interacting limit as the energy unit, as µ0 increases with t and
d as well [41]. Nevertheless, this increase does make sense
when one compares Tc with the 3D homogeneous system of
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Figure 5. Contour plot of Tc/TF in the kF d – 1/kF a plane for
fixed t/EF = 0.1. The corresponding Tc values are labeled near the
curves.
the same fermion density.
With multiple tunable parameters, the complete superfluid
phase diagram is very complex, occupying a hyper volume in
the high dimensional phase space. We can show only hyper-
surfaces corresponding certain fixed parameters. As an exam-
ple, presented in Fig. 5 are Tc contours in the kF d – 1/kFa
plane with fixed t/EF = 0.1. From this figure, one can see
that the highest Tc & 0.15 is achieved at large d near unitar-
ity. The higher concentration of curves at large d indicates
that the Tc curve is highly compressed towards unitarity as
d increases, as shown in Fig. 4. On the contrary, when d
becomes small ( 1), the Tc curve as a function of 1/kFa
will be suppressed down and expanded along the 1/kFa axis.
One can also consider a vertical cut at fixed 1/kFa in Fig. 5.
A cut at 1/kFa = 0 will yield a curve as in the inset of
Fig. 4(a,b). The peak/dip structure of the Tc contours at pos-
itive 1/kFa for kF d = 0.03 ∼ 0.07 in Fig. 5 is associated
with the dip near µ = 0 in the Tc vs 1/kFa curves, as shown
in Fig. 4. Another feature that is worth mentioning is the small
kink in the contours on the BCS side, especially for the low-
est Tc/TF = 0.0001. As can be seen, for all contours, this
kink happens slightly below kF d = 1. For t/EF = 0.1, the
topology of the Fermi surface changes from open to closed
at kF d ≈ 0.945. The van Hove singularity associated with
this topological change leads to logarithmic divergence of the
density of states, and thus significantly enhances Tc, so that
the Tc contour will deform towards weaker pairing strength,
as indeed shown by the low Tc contours in Fig. 5. This singu-
larity effect is washed out gradually by thermal broadening as
T increases. It becomes barely noticeable for Tc/TF ≥ 0.01.
Note that the van Hove singularity effect on Tc cannot readily
be seen in other types of plot.
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B. Gaps in the superfluid phase
In Fig. 6, we present, as an example, the behavior of the or-
der parameter ∆sc (red), the pseudogap ∆pg (black) and the
total gap ∆ (green curves) and a few relevant quantities as a
function of temperature in the superfluid phase. Also plot-
ted is the solution slightly above Tc, especially for the pair
chemical potential µp. Shown in the figure is for the case of
kF d = 2, t/EF = 0.1 for 1/kFa = −1, 0, and +1, for the
BCS, unitary, and BEC regimes, respectively. There exists a
pseudogap in all cases throughout the BCS–BEC crossover, as
in the regular 3D continuum case [39]. The order parameter
∆sc sets in at Tc with decreasing T , while the pseudogap ∆pg
starts to decrease. The total gap increases with decreasing
T in the BCS regime, where ∆pg is small, but stays roughly
constant for the unitary and BEC cases. Above Tc, the pair
chemical potential µp starts to decrease from 0 with increas-
ing T . As seen in the figure, −µp increases much faster in
the BCS than in the BEC regimes as a function of T above
Tc. This makes our simplified BCS form of the pseudogap
self energy become quickly less accurate above Tc in the BCS
regime. The curves stop roughly where the approximation be-
comes inaccurate.
Figure 6(a) suggests that −µp increases linearly with (T −
Tc). Indeed, as one often finds in the weak fluctuation treat-
ment in the framework of the mean-field BCS theory, µp ∝
−(T − Tc) above Tc in the BCS limit [42, 43]. As the pair-
ing becomes stronger, µp becomes quadratic in (T − Tc), as
manifested in Fig. 6(b). For the BEC case in Fig. 6(c), −µp
stays small up to very high T  Tc. In this case, the gaps are
large, and essentially all atoms form pairs, so that the system
exhibits behaviors that are close to an ideal Bose gas.
We show in Fig. 6(d) the pair fraction for the BCS case,
where the pairing is weak and the pair fraction is small. The
temperature dependence of np follows roughly that of ∆2 via
Eq. (5), as a0 is less sensitive to T . The pair density np
increases with 1/kFa and becomes n/2 for 1/kFa = +1,
which has µ/EF ≈ −0.12 < 0 for all T ≤ Tc. For B‖
and Bz , we show for the unitary case in Fig. 6(e). Their
temperature dependencies are stronger in the BCS regime and
weaker in the BEC regime. In addition, B‖ approaches 1/4m
in the BEC limit. At the same time,Bz becomes exponentially
smaller in the BEC regime, as given by Eq. (10). Finally, the
T dependencies of a0 and a1 are shown in Fig. 6(f) for the
BEC case. Both a0 and a1 become essentially T independent,
as does the total gap. It is also evident that a1Tc  a0 for
this case. The a1 term in the inverse T -matrix expansion is
quantitatively important only in the BCS regime, where we
find a1Tc/a0 ∼ 10 for the case in Fig. 6(a). More detailed
discussions of the influence of the a1 term can be found in
Ref. [40] for the somewhat similar 3D continuum case.
C. Superfluid density
Now we present the result for the superfluid density calcula-
tions. Shown in Fig 7 are the in-plane and lattice components
of the superfluid density, from top to bottom, for the BCS,
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unitary and BEC cases (of Fig. 6), respectively. The left col-
umn presents (ns/m)‖ (black) and (ns/m)z (red), as well as
10(ns/m)z (green curves). The right column presents the in-
plane normal fluid fraction, 1−(ns/n)‖, as a function of T/Tc
in log-log scales (black solid lines). For comparison, we plot
simple power laws of (T/Tc)3/2 (red dashed lines), with dif-
ferent coefficients to fit roughly the corresponding solid lines.
Here the message is clear. In the BCS case, the linear plot in
Fig 7(a) looks very much like an exponential T dependence at
low T . Only a log-log plot in Fig 7(d) reveals that the lead-
ing dominant term is actually a T 3/2 power law. The small
coefficient, 0.04, in front of (T/Tc)3/2, is consistent with the
flatness of (ns/m)‖ at low T in Fig 7(a). Nevertheless, the
power law contributions from finite momentum pairs always
dominate the exponentially activated term from Bogoliubov
quasiparticles. As the pairing strength, or 1/kFa, increases,
the magnitude of the power law term becomes larger. For the
unitary case, even in the linear plot in Fig 7(b), (ns/m)‖ de-
viates strongly from exponential behavior. The coefficient in-
creases to 0.3, as shown in Fig. 7(e). For the BEC case in
Fig 7(c), the quasiparticle contributions become negligible,
and (ns/m)‖ becomes almost purely a (T/Tc)3/2 power law.
As one can see in Fig 7(f), the dash line overlays with the solid
curve essentially for the entire range of T ≤ Tc. It should be
noted, however, that the coefficient is now 1.25, larger than 1.
This reflects the fact that the system is quasi-2D rather than
3D; a pure (T/Tc)3/2 is only for a pure 3D case. Indeed,
as one can see from Fig 7(c), (ns/m)‖ becomes more of a
straight line for the upper half of T/Tc, to be compatible with
the larger-than-unity coefficient 1.25. Theoretically, as T be-
comes higher, more high in-plane momentum q‖ pairs will be
excited, which can feel the quasi-two dimensionality.
The lattice component of the superfluid density, (ns/m)z ,
(red curves) in Fig 7(a-c) is substantially smaller than
(ns/m)‖, as discussed earlier. Its temperature dependence is
close to that of (ns/m)‖, as can be seen more clearly from
the (green) 10× magnified curves. This is because both are
mainly governed by the prefactor ∆2sc = ∆
2−∆2pg in Eq. (14),
and the second term, ∆2pg ∝ T 3/2, yields the T 3/2 power law
for both components of (ns/m). For the present s-wave pair-
ing, the rest of Eq. (14) yields an exponential T dependence
for the normal fluid, e−∆/T , and thus becomes negligible at
low T . It is also evident that (ns/m)z decreases as the pairing
becomes stronger toward BEC. This can be understood since
v2k becomes more widespread in momentum space as 1/kFa
increases, and thus pairs feel more strongly the effect of lat-
tice momentum cutoff in the z direction, so that the system
becomes effectively more 2D. On the other hand, the mobil-
ity of the pairs is controlled by tB , which decreases rapidly
with 1/kFa. This determines the magnitude of (ns/m)z in
the BEC regime.
9IV. CONCLUSIONS
In summary, we have studied the ultracold atomic Fermi
gases in a 1D optical lattice with a pairing fluctuation the-
ory, as they undergo a BCS-BEC crossover. We find that
Tc decreases with 1/kFa in the BEC regime and approaches
asymptotically Tc/TF = pian/2m, which is independent of
the lattice parameters t and d. Both |µ| and the gap ∆ grow ex-
ponentially as ed/a and ed/2a, respectively, in the BEC regime
so that the pair hopping integral tB decreases as e−d/a. More-
over, the (maximum) Tc near unitarity increases with both t
and d, with fractional power law exponents. On the BCS side,
the effect of van Hove singularity on Tc has been identified in
the Tc contours.
We find generally a pseudogap above and below Tc, away
from the extreme BCS limit. While the total gap ∆ is a smooth
function across Tc, the order parameter sets in at Tc, and the
pseudogap starts to decrease as T decreases below Tc. Our
calculated behavior of the pair chemical potential µp above
Tc are also in good agreement with existing literature. At low
T , ∆2pg ∼ T 3/2. This leads to T 3/2 power laws for the low
T dependence of the superfluid density, despite that it looks
visually like exponential in the BCS regime.
Our findings have not been reported in the literature.
Although precise control and measurements of the gaps
and superfluid density remains challenging experimentally at
present, we believe that our predictions can be tested in future
experiments.
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Appendix A: Coefficients of the Taylor-expanded inverse
T -matrix
In this Appendix, we present concrete expressions for the
coefficients of the Taylor expansion of the inverse T -matrix,
t(Ω,q), after analytical continuation,
t−1pg (q,Ω) = a1Ω
2 + a0(Ω− Ωq + µp + iΓq,Ω) . (A1)
Here µp = t−1(0, 0)/a0, which vanishes for T ≤ Tc. In the
long wavelength limit,
Ωq = B‖q2‖ +Bzq
2
z ≡
q2‖
2M‖
+
q2z
2Mz
, (A2)
with Bz = tBd2.
Before expansion, the inverse T matrix is given by
t−1q,Ω+i0+ = U
−1 +
∑
k
[
1− f(Ek)− f(ξk−q)
Ek + ξk−q − Ω− i0+u
2
k
− f(Ek)− f(ξk−q)
Ek − ξk−q + Ω + i0+ v
2
k
]
. (A3)
Then we have
a0 =
1
2∆2
∑
k
[
[1− 2f(ξk)]− ξk
Ek
[1− 2f(Ek)]
]
=
1
2∆2
[
n− 2
∑
k
f(ξk)
]
, (A4)
a1 =
1
2∆4
∑
k
Ek
[(
1 +
ξ2k
E2k
)
[1− 2f(Ek)]
−2 ξk
Ek
[1− 2f(ξk)]
]
(A5)
and the imaginary part
Γq,Ω =
pi
a0
∑
k
{
[1−f(Ek)−f(ξk−q)]u2kδ(Ek+ξk−q −Ω)
+ [f(Ek)−f(ξk−q)]v2kδ(Ek−ξk−q+Ω)
}
. (A6)
We have Γq,Ω = 0 when −(Ek − ξk−q)min < Ωq < (Ek +
ξk−q)min, and in general Γq,Ω is much smaller than Ωq for
small q at T ≤ Tc. For details, see Ref. [40].
The pair dispersion coefficients are given by
Bi =
1
2
∂2Ωq
∂q2i
∣∣∣∣
q=0
= − 1
2a0∆2
∑
k
{[
2f ′(ξk) +
Ek
∆2
[(
1 +
ξ2k
E2k
)
[1− 2f(Ek)] − 2 ξk
Ek
[1− 2f(ξk)]
]](
∂ξk
∂ki
)2
−1
2
[
[1− 2f(ξk)]− ξk
Ek
[1− 2f(Ek)]
]
∂2ξk
∂k2i
}
. (A7)
Given the dispersion ξk =
k2‖
2m
− 2t[1 − cos(kzd)] − µ for 1DOL, we have, for i = x, y,(
∂ξk
∂ki
)2
=
k2i
m2
,
∂2ξk
∂k2i
=
1
m
,
10
and for i = z,(
∂ξk
∂kz
)2
= (2td)2 sin2(kzd) ,
∂2ξk
∂k2z
= 2td2 cos(kzd) .
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